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We find that the purifications of several Gaussian maximally mixed states (GMMSs) correspond
to some Gaussian maximally entangled states (GMESs) in the continuous-variable regime. Here,
we consider a two-mode squeezed vacuum (TMSV) state as a purification of the thermal state and
construct a general formalism of the Gaussian purification process. Moreover, we introduce other
kind of GMESs via the process. All of our purified states of the GMMSs exhibit Gaussian profiles;
thus, the states show maximal quantum entanglement in the Gaussian regime.
PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Bg, 42.50.-p
I. INTRODUCTION
The principle of quantum purification means that for
any mixed quantum state of a system A with a given
orthonormal basis, there exists an orthonormal basis for
ancillary system B (with at least the same dimension as
that of the system A) that corresponds to the orthonor-
mal basis of the system A. These two bases are closely
related by a local unitary operation on the ancillary sys-
tem B. This statement is the famous Hughston-Jozsa-
Wootters (HJW) theorem [1]. For example, purification
of a d-dimensional maximally mixed state (MMS) is just
one of the d× d-dimensional maximally entangled states
(MESs) up to the local unitary operations on the ancil-
lary system. In quantum information theory, purification
is a mathematical procedure for generating a pure state
from a mixed state [2–4]; however, this concept differs
from the purification in which a pure state is constructed
from a mixed state via many copies of mixed states with
the same dimensions [5–7]. For a continuous-variable
(CV) system, the concept of MMS is rather vague and
still not well-understood. Instead of exhaustively consid-
ering all possible CV systems, here we focus on the Gaus-
sian CV systems that have many practical applications
in quantum optics and quantum information fields [8, 9].
Note that the “Gaussian state” here means a quantum
state having a Gaussian profile in the phase space, i.e., its
Wigner function is a Gaussian distribution. We investi-
gate several Gaussian maximally mixed states (GMMSs)
and their purified states, i.e., the Gaussian maximally
entangled states (GMESs). We call this process and its
underlying principle g-purification and Gaussian MMS-
MES correspondence, respectively.
It is noteworthy that any Gaussian state can be de-
composed by an infinite-dimensional Fock basis, and any
convex combination of quantum states gives a quantum
state again. By using the correspondence, we find a new
class of GMESs such as the (known) two-mode squeezed
vacuum (TMSV) state with infinite squeezing parameter
which is the purification of the thermal state with in-
finite temperature, as well as the g-purified MESs over
Bra´dler’s CV MMSs [10] and squeezed MMSs [11] in the
Gaussian regime. These are then generalized in a sin-
gle statement (see below). Furthermore, this method
can be a powerful tool for Gaussian quantum informa-
tion [12, 13] (and references therein).
While the amount of entanglement of a given Gaus-
sian state with a given purity (or mixedness) can be
calculated [14], a GMMS in the CV regime that gives
the MES via the purification process is not precisely
defined. Therefore, we suggest several GMMS candi-
dates (depicted in FIG. 1 below) and investigate their
g-purifications explicitly. Note that the exact MMS is
present only in a bounded Hilbert space. Even if we are
dealing with an unbounded Hilbert space, however, we
first perform the calculations in the bounded region and
then take a limit of that region to infinity. Moreover,
we describe an equivalence relation for GMMSs in the
limit of the spectrum of the number operator nˆ tend-
ing to infinity. Prior to the study of Gaussian MMSs
or MESs, we briefly review the MMS-MES correspon-
dence in the discrete-variable regime. The MMSs and
MESs are main ingredients for the proof of existence of
the additivity counterexample for the classical capacity
of quantum channels [15–17]. Therefore, although there
have been no practical suggestions for the proof to date,
we can expect that Gaussian MMS-MES correspondence
can be applied to the Gaussian channel-capacity problem.
Since Gaussian states are well known and can be imple-
mented in quantum optics, we consider this Gaussian
MMS-MES correspondence as a tool for experimental
proof of super-additivity of the classical channel-capacity
problem. Here, we assume that a GMMS has the max-
imal von Neumann entropy in the same manner that a
full-ranked d-dimensional MMS has the maximal entropy
log d.
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2II. GAUSSIAN MMS-MES CORRESPONDENCE
VIA g-PURIFICATIONS
We now briefly review the purification process in the
discrete-variable case in order to set the stage for our
investigation on the Gaussian CV case. Suppose that a
mixed state ρA can be decomposed by an orthonormal
basis {|i〉A}di=1 such that ρA =
∑
i pi|i〉〈i|A. To purify
ρA, let us introduce an ancillary system B with the or-
thonormal basis {|i〉B}di=1 whose dimension is same as
that of the system A. If we define a pure state as
|ψ〉AB :=
d∑
i=1
√
pi |i〉A |i〉B , (1)
then we naturally obtain the reduced density matrix of
the system A as (ψAB := |ψ〉〈ψ|AB)
TrB(ψAB) =
d∑
i,j=1
√
pipj |i〉〈j|Aδij
=
∑
i
pi|i〉〈i|A = ρA. (2)
Thus, for some fixed basis, |ψ〉AB is a purification of ρA.
Now, suppose that |Ψ〉AB = 1√d
∑d
`=1 |`〉A⊗ |`〉B is a d2-
dimensional MES, we then obtain (ΨAB := |Ψ〉〈Ψ|AB)
TrB(ΨAB) =
1
d
d∑
`,m=1
|`〉〈m|Aδ`m
=
1A
d
:= ρAd,MMS, (3)
where 1 denotes the d-dimensional identity matrix. This
implies that the MES |Ψ〉AB is one of the purifications
of ρAd,MMS. The d-dimensional MMS ρ
A
d,MMS has an
important property that is maximal von Neumann en-
tropy, i.e., S(ρAd,MMS) = −Tr
(
1A
d log
1A
d
)
= log d, where
S(%) := −Tr% log %. This is crucial for quantum cryp-
tographic protocols and the theory of quantum channel-
capacity.
We now consider the Gaussian CV case. In general,
a d-mode Gaussian quantum system is described in 2d-
dimensional (real) symplectic phase space Sp(2d,R) and
exists in the infinite dimensional Hilbert space with con-
tinuous eigenvalues of Gaussian observables [12]. For
convenience, we limit our discussion on the phase space
with d = 1, i.e., Sp(2,R). In the Gaussian regime, the
concept of GMMS is not well-defined, in other words,
the state cannot be uniquely specified. Prior to the main
observation, we introduce an ideal GMMS, denoted as
ρGMMS (See FIG. 1(a)), which can be expressed by an
equiprobable basis set, i.e., uniform distribution in the
phase space. The distribution should also have a Gaus-
sian profile, however, it becomes uniform only in the lim-
iting case. All other candidate states should also tend
to the uniform distribution as the boundary parame-
ter approaches the limiting value. We must be aware
that the state mentioned above is a quantum state, i.e.,
Tr(ρGMMS) = 1, but not an identity operator 1. For a
bounded basis (parameters are not tending to infinity),
1 and MMS are identical up to a constant. However, it
can be easily shown that Tr(1) = ∞ in the entire phase
space because of its unbounded basis; we therefore need
to consider a finite region of the phase space in which
a circle of radius b centered at origin and then take the
limit to infinity. Note that FIG. 1 depicts several GMMS
candidates in the phase space with some boundary b from
the origin.
The firstly important candidate is thermal state, that
can be written in the coherent state basis such as
ρth(n¯) =
1
n¯pi
∫
e−
|α|2
n¯ |α〉〈α|d2α, where n¯ is the mean pho-
ton number and |α〉 is a coherent state. Unlike for all
other cases, in the case of the thermal state (FIG. 1(b)),
the temperature (variance itself) is the regularizing pa-
rameter instead of a boundary of the phase space. There-
fore, we can show that an infinite temperature (infi-
nite variance) implies that the thermal state approaches
the ideal MMS. If we introduce the Gaussian opera-
tions of displacement Dˆ(α) = eαaˆ
†−α∗aˆ and squeezing
Sˆ(ζ) = e
1
2 (ζ
∗aˆ2−ζaˆ†2) (where aˆ and aˆ† are the annihilation
and the creation operators satisfying the commutation
relation [aˆ, aˆ†] = 1), then a coherent and a squeezed co-
herent state, i.e., |α〉 = Dˆ(α) |0〉 ∈ Sp(2,R) and |α, ζ〉 =
Sˆ(ζ)Dˆ(α) |0〉 ∈ Sp(2,R), form an overcomplete set such
that 1pi
∫
d2α|α〉〈α| = 1 and 1pi
∫
d2α|α, ζ〉〈α, ζ| = 1, re-
spectively [18].
Moreover, it is important to note that the products
of regularization of the convex combination of coherent
or squeezed coherent states are GMMSs: for some (nor-
malization) constants k and k′, 1k
∑∞
i=1 δ
2αi|αi〉〈αi| =
ραGMMS ∈ Sp(2,R) and 1k′
∑∞
i=1 δ
2αi|αi, ζ〉〈αi, ζ| =
ρ
(α,ζ)
GMMS ∈ Sp(2,R), respectively. For convenience, we
omit the index i and substitute the summation by the
integral as δ2αi → 0. Then, what we need to investigate
is whether ρGMMS = ρ
α
GMMS = ρ
(α,ζ)
GMMS = ρth ∈ Sp(2,R).
Our main questions are: what is the purification of the
ideal GMMS ρGMMS and is it a GMES? To answer these
questions, we formulate a detailed Gaussian purification
process (i.e., g-purification PG). (As shown in Ref. [19], it
is known that there exists some class of perfect Gaussian
multipartite entangled states.)
Our main result states that, for a given ideal GMMS
ργGMMS in a quantum system A (with Tr(ρ
γ
GMMS) = 1),
there exist GMESs obtained via g-purification processes
such that
PG(ργGMMS) = |Γ(γ)〉AB , (4)
where γ denotes a Gaussian parameter. Note that in
general γ depends on the parameters n and b, i.e.,
γ = γ(n, b), thus we should keep in mind that how this
parameter γ changes when we take the limit n or b to
infinity.
To prove above statement, let us define a two-mode
GMES that is the g-purified state in the Gaussian regime
3b
(a) (b)
(d) (e) (f)
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Re(↵)
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0 |0i
r
FIG. 1: Several Gaussian maximally mixed state (GMMS)
candidates in the phase space within a circle boundary b. Here
all candidates are depicted in 2d phase space, whose axes are
Re(α) and Im(α). The radial component from the origin is
expressed as r. Different colors represent the different kind
of states and the density of color corresponds to the density
of distribution function of state in the phase space. (a) ideal
GMMS (uniform distribution), (b) thermal state with a given
temperature, (c) Bra´dler’s continuous-variable MMS. Small
circles are displaced coherent states, (d) squeezed GMMS with
argument φ = 0 (e) φ = pi
2
and (f) φ = pi
4
. Various shapes
of squeezed circles are illustrated as direction of squeezing.
These all exhibit different profiles within the boundary but
become identical as the boundary tends to infinity. We note
that the thermal state (b) has an infinite tail thus it tends
to a uniform distribution only if the temperature approaches
infinity.
within the number basis as
|Γ(γ)〉AB :=
∞∑
n=0
√
f(γ) |n〉A |n〉B , (5)
where the probability distribution function f(γ) is re-
lated to the Gaussian parameter γ such as displace-
ment or squeezing. Note that limn→∞ f(γ) converges
to 0 (≈ 1/∞), which implies that the distribution in
the phase space is uniform (or flat). Thus, by using
the partial trace on the ancillary system B, we obtain
(Γ(γ)AB := |Γ(γ)〉〈Γ(γ)|AB)
TrB
(
Γ(γ)AB
)
= TrB
∞∑
m,n=0
√
f(γ)f∗(γ)|nn〉〈mm|AB
=
∞∑
n=0
f(γ)δmn|n〉〈m|A = ργGMMS, (6)
where we use the fact that f(γ) is a real-valued probabil-
ity distribution. As mentioned above, the distribution of
f(γ) is uniform in the limit, and therefore, ργGMMS cor-
responds to the GMMS with a Gaussian parameter γ.
Finally, the g-purification of ργGMMS in the system A is a
GMES |Γ(γ)〉AB . This completes the proof.
It is important to note that if γ = 0, then ρ0GMMS is the
ideal GMMS, and if γ is related to either displacement
or squeezing operations, then ρ
(α,ζ)
GMMS is also a GMMS
as an equiprobable convex sum of the coherent squeezed
states. Although the GMMS is not unique, it exhibits
the maximal entropy. Moreover, the orthonormal basis
{|n〉B}∞n=0 is always related to another orthonormal set
{|n〉′B}∞n=0 through the HJW theorem, so it is possible for
a variety of GMESs to exist in the Gaussian regime. We
now explicitly investigate three examples of the Gaussian
MMS-MES correspondence.
A. Thermal versus two-mode squeezed vacuum
state
As a most basic Gaussian state, the first candidate
of GMMS is the thermal state that maximizes the von
Neumann entropy. The thermal state ρth is given by [18]
ρth(n¯) =
∞∑
n=0
n¯n
(n¯+ 1)n+1
|n〉〈n|, (7)
where n¯ := Tr(%aˆ†aˆ) ≥ 0 is the mean-photon num-
ber, and the state is also expressed by ρth(n¯) =
1
n¯pi
∫
e−
|α|2
n¯ |α〉〈α|d2α in the basis of coherent state pre-
viously.
Now, if we g-purify the thermal state, the resulting
state is the well-known TMSV state. Suppose that the
thermal state ρth is expressed in the number-state basis
{|n〉A}∞n=0 such as ρth =
∑
n P
n
th|n〉〈n|A, where Pnth :=
(n¯)n
(n¯+1)n+1 . To g-purify ρth, let us introduce an ancillary
system B that has the same number basis as that of the
system A with {|n〉B}∞n=0 [20]. If we define a pure GMES
as the TMSV state (via two-mode squeezing Sˆ2(ζ) :=
e
ζ
2 (aˆbˆ−aˆ†bˆ†) in vacuum |0〉A |0〉B)
|Γ(ζ)〉AB =
√
1− λ2
∞∑
n=0
(−λ)n |n〉A |n〉B , (8)
where λ = tanh ζ ∈ [0, 1], we obtain the reduced density
matrix of A as
TrB
(
Γ(ζ)AB
)
= (1− λ2)
∞∑
n=0
(−λ)2n|n〉〈n|A
=
∞∑
n=0
Pnth|n〉〈n|A = ρth,
where we let n¯ = sinh2 ζ. This implies that the
g-purification PG(ρth) is GMES, i.e., TMSV state:
PG(ρth) = |Γ(ζ)〉AB with f(γ) := (1 − λ2)(−λ)2n [21].
It is known that the TMSV state has a Gaussian distri-
bution in the phase space [12]. It is important to note
4that all above discussions of GMMSs and GMESs assume
that the temperature (or average photon number) tends
to infinity, whereas f(γ) tends to zero (uniform distribu-
tion).
B. Continuous-variable maximally mixed state and
its g-purification
The concept of the continuous-variable maximally
mixed state (CVMMS) was first introduced by Bra´dler
in 2005 for constructing a CV private quantum chan-
nel [10, 11] as illustrated in FIG. 1(c).
A CVMMS can be chosen as an integral performed over
all possible single mode coherent state |α〉 within the
circle boundary of radius r ≤ b, imposing a physically
motivated energy constraint. If r > b, the occurrence
probability is 0. The coherent state can be expressed as
|α〉 = Dˆ(α) |0〉 = e−|α|2/2∑∞n=0 αn√n! |n〉. We then obtain
the GMMS [10] using an equiprobable convex combina-
tion of coherent states up to normalization and describe
it as
ραGMMS|b =
1
C
∫
b
|α〉〈α|d2α
=
1
b2
∞∑
n=0
(
1−
n∑
k=0
b2k
k!
e−b
2
)
|n〉〈n|, (9)
where the normalization constant is C = pib2. We note
that Bra´dler’s original paper denotes the GMMS as 1b
to emphasize the boundary b in the phase space. We
now perform two investigations in order to confirm that
ραGMMS|b is genuine a Gaussian quantum state: we ex-
amine whether ραGMMS|b has a unit trace and a Gaussian
Wigner function. To check for the unit trace, we ex-
change the expression of the parenthesis in Eq. (9) into
another form as
1−
n∑
k=0
b2k
k!
e−b
2
=
γ(n+ 1, b2)
n!
, (10)
where γ(n + 1, b2) =
∫ b2
0
xne−xdx is a lower incomplete
Gamma function. Performing the infinite summation
first and then doing the integral, we can easily show that
TrραGMMS|b = 1. To confirm the Gaussian character, it
is better to consider the Husimi Q distribution Q(β) =
1
pi 〈β| ρˆ |β〉 instead of the Wigner function because the lat-
ter is not very smooth for finite n. Husimi Q distribution
is merely a Gaussian smoothing of the Wigner function
W (α), i.e., Q(β) = 2pi
∫
d2αW (α)e−2|α−β|
2
and can be
simply calculated in our case. It is numerically plotted
in FIG. 2, which clearly shows the Gaussian character of
the distribution.
To purify the GMMS ραGMMS|b, let us define a two-
mode pure Gaussian state as
|Γ(b)〉AB :=
∞∑
n=0
√
f(b) |n〉A |n〉B , (11)
Q(β )
Im(β )
Re(β )
FIG. 2: Husimi Q distribution of ραGMMS|b when b = 1. This
is simply the smoothed version of the Wigner distribution. As
expected, a Gaussian profile in the phase space is observed.
With increasing b, the function becomes closer to a uniform
distribution, i.e., the equiprobable distribution corresponding
to the maximally mixed state.
where the distribution function f(b) satisfies
f(b) =
1
b2
(
1−
n∑
k=0
b2k
k!
e−b
2
)
≈ o
(
1
b2
)
, (12)
and is uniform as long as b → ∞. If we assume that
n <∞, we obtain the GMMS
TrB
(
Γ(r)AB
)
=
1
b2
∞∑
n=0
(
1−
n∑
k=0
b2k
k!
e−b
2
)
|n〉〈n|A
= ραGMMS|b.
This result implies that the g-purification of the GMMS
ραGMMS|b gives rise to a new two-mode pure GMES in the
Gaussian regime, i.e., PG(ραGMMS|b) = |Γ(b)〉AB . Since
Eq. (9) is Gaussian, the g-purified state |Γ(b)〉AB is also
Gaussian because the square-root of any Gaussian dis-
tribution generates another Gaussian distribution. Con-
versely, for some fixed number basis of the system B as
{|n〉B}∞i=0, the trace operation does not alter the Gaus-
sian characteristics.
In Gaussian quantum information, the general Gaus-
sian state is characterized by its first and second-order
moments. Thus, it is natural to consider a squeezed
GMMS as described below.
C. Squeezed GMMS and its g-purification
Our final example is a squeezed GMMS and its g-
purification process. We first introduce the squeezed
GMMS as follows. In general, the squeezed coherent (SC)
5state is defined by [22] (ζ = seiφ)
|α, ζ〉 =Sˆ(ζ)Dˆ(α) |0〉
=
∞∑
n=0
(ν/2 cosh s)n/2√
cosh s · n! e
− 12
(
|α|2− ν∗α2cosh s
)
×Hn
(
α√
2ν cosh s
)
|n〉 , (13)
where ν = eiφ sinh s, and φ = arg(ζ) is the argument of
squeezing parameter ζ. In addition, note that Hn(·) rep-
resents the nth-degree of complex Hermite polynomials.
For a given ζ (with some squeezing argument φ), three
cases of the squeezed GMMS are illustrated in FIG. 1(d),
(e), and (f). Exploiting Eq. (13), we can define a squeezed
GMMS with a boundary r ≤ b defined by [11]
ρ
(α,ζ)
GMMS|b =
1
C
∫
b
d2α|α, ζ〉〈α, ζ|
=
2pi
C
∞∑
m,n=0
∫ b
0
(tanh s/2)(m+n)/2
cosh s
√
m!n!
eiφ(m−n)/2
×e−Kr2Hm
(
rei(θ−
φ
2 )√
sinh(2s)
)
Hn(c.c.)|n〉〈m| (14)
=
1
b2eKb2
∞∑
n=0
κn(b, s, φ)|n〉〈n|, (15)
where C = pib2, θ is a relative angle between the SC
states, c.c. denotes the complex conjugate, and K :=
1 − tanh s · cos(2θ − φ). In Eq. (14), the relative an-
gle θ converges to 0, because the angles between infi-
nite SC states is quite small and approaches 0. Thus,
K = 1− tanh s ·cosφ, and it depends only on the squeez-
ing parameter ζ. In Eq. (15) (Eq. (10) in Ref. [11]),
κn(b, s, φ) is an absolute constant with a small value
(because for large n, κ is proportional to a function of
exponential
factorial  1), as obtained by integration over a delta
function, the integration by parts, and the orthogonality
condition of (complex) Hermite polynomials. We note
that the squeezing parameter ζ does not make the main
contribution to the uniformity of the distribution. There-
fore, we obtain the g-purification of ρ
(α,ζ)
GMMS|b as described
by
PG(ρ(α,ζ)GMMS|b) = |Γ(b, ζ)〉AB , (16)
where |Γ(b, ζ)〉AB :=
∑∞
n=0
√
f(b, ζ) |n〉A |n〉B , which is
another new GMES with the uniform phase space distri-
bution f(b, ζ) = 1
b2eKb2
κn(b, s, φ) ≈ o
(
1
b2eKb2
)
. We can
also observe that f(b, ζ) in the squeezed GMMS has an
almost uniform (or flat) distribution, which is more uni-
form as b→∞ than the distribution of f(b) in CVMMS
owing to the exponential term. Since displacement and
squeezing are Gaussian operations, our squeezed GMMS
is also a Gaussian state by the definition of Gaussian
operation. Consequently, its purified state is also Gaus-
sian; hence, we can conclude that any purification of a
Gaussian state will always give rise to a Gaussian state.
Furthermore, we conjecture that the distance between
the purified states of squeezed GMMS and CVMMS (i.e.,
GMES and CVMES) is very small. This arises from the
fact that for sufficiently small and positive ε, the distance
between the squeezed GMMS ρ
(α,ζ)
GMMS|b and the Bra´dler’s
CVMMS ραGMMS|b is always sufficiently small as shown in
Ref. [11] by unitary invariance and the norm convexity:
‖ρ(α,ζ)GMMS|b − ραGMMS|b‖2 ≤ ε. Note that ‖ · ‖2 denotes
the Hilbert-Schmidt norm such that ‖M‖2 =
√
M†M for
any matrix M . When we choose b→∞, we also expect
that the distributions of squeezed GMMS and CVMMS
are approaching to that of the ideal GMMS.
III. CONCLUSIONS
In this work, we address the basic question of what
the Gaussian MMS and MES are. Despite its simplicity,
heretofore, this question has not been clearly answered.
We present several GMMS candidates, and propose a new
method to obtain GMESs by using the concept of Gaus-
sian MMS-MES correspondence. For a given GMMS, we
can always construct the GMES via the g-purification;
thus, this approach is a very simple yet powerful tool
for CV quantum information processing. This proce-
dure may shed light on the subject of theoretical Gaus-
sian quantum information processing as well as plausi-
ble experimental realization with current technologies in
the sense that Gaussian states and Gaussian operations
are much easier to implementable and manipulable than
general one [12, 23]. We present g-purifications for sev-
eral Gaussian MMSs, including the well-known TMSV
state and the thermal state, and derive two new can-
didates of Gaussian MESs from Bra´dler CVMMS and
the squeezed GMMS. Furthermore, we observe that any
g-purified states of GMMSs also give rise to Gaussian
states. Thus, it is possible to state that a Gaussian pu-
rification process preserves the Gaussian characteristics
of a state.
Several open questions still remain. For example, this
work did not address the origin of the non-uniqueness
of the Gaussian MMS. It turns out that the answer to
this rather subtle problem may lead to a breakthrough
for the understanding of ubiquitous singularities such as
infinite energy and the infinite squeezing for the maximal
entanglement.
Finally, the possible experimental testing of the de-
gree of additivity violation of classical capacity in quan-
tum channel remains to be explored. The actual observa-
tion of additivity violation is very important for efficient
quantum communication, but there have been no signif-
icant (experimental) result addressing this issue to date
although there is an experimental suggestion in the case
of multiple-access Gaussian channel [24]. In addition to
6the discrete version for the classical capacity counterex-
ample in quantum channels [15], we expect that a sim-
ilar counterexample exists in the CV Gaussian regime.
As mentioned above, there are significant advantages in
the CV Gaussian regime over the discrete-variable case
for the feasible experiments. Clearly the relation be-
tween the Gaussian MMS and Gaussian MES will enable
a breakthrough for the experiments addressing additivity
violation in the quantum channels.
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